Abstract. For any finitely generated torsion-free graded module over a polynomial ring, there exists a homogeneous ideal fitting into an exact sequence similar to a Bourbaki sequence even though its height is not restricted to two.
Introduction
Given a homogeneous ideal I of height p ≥ 2 in a polynomial ring R := k[x 1 , . . . , x r ], there is a finitely generated torsion-free graded R-module M with no free direct summand satisfying Ext Keeping the above observation in mind we are interested in the following problem. First, fix an integer p ≥ 2 and a finitely generated torsion-free graded R-module M with no free direct summand satisfying Ext i R (M, R) = 0 for i = 1, . . . , p − 1. Next, let I(M, p) be the set of all homogeneous ideals I in R of height p fitting into exact sequences of the form ( * ). With this notation, describe all the members of I(M, p) in full generality.
Perhaps the most popular way to study the structure of I(M, p) is to do so in the framework of even linkage theory (see [8, 11, 12, 14] ). But we want to propose another approach based on the analysis of basic sequences. Roughly speaking, the basic sequence B R (I) = (n 1 ;n 2 ; · · · ;n r+1 ) of a homogeneous ideal I is a sequence of integers obtained by arranging in a suitable order the degrees of the Gröbner basis of I with respect to generic coordinates, wheren i denotes a subsequence for each i (see [3, Section 1] , [5, Example 4.1]). A similar sequence can also be defined for an arbitrary finitely generated graded R-module (see [5, Section 2] ) and, if I ∈ I(M, p)
, then we have n p = (w ,ν p + c) up to permutation and
with a suitable sequence of integersw , whereā + c = (a 1 + c, . . . , a l + c) for a sequenceā = (a 1 , . . . , a l ) (see [6, Section 2] ). This formula, however, is not enough for characterizing all possible basic sequences of the elements of I(M, p).
So far we have been successful only in two special cases. In the case p = 2, the formula ( * * ) can further be developed to give a complete description of the basic sequences of the elements of I(M, 2) (see [7, Section 2] ). Our results describe also in a different way the main theorem in the above-mentioned two codimensional even linkage theory. In particular, one can understand the numerical function θ X defined by Nollet in [13] from a structural point of view (see [7, Theorem 3.3] ). When M is Buchsbaum, or equivalently, when the ring R/I is Buchsbaum, the relation ( * * ), together with the Borel fixedness of generic initial ideals, determines almost completely the basic sequences of the elements of I(M, p) (see [1, Sections 2 and 3] , [2] , [3, Sections 5 and 6]).
Before proceeding further, we have to know first whether the set I(M, p) is empty or not. The aim of this paper is to settle this question. In fact we will prove that I(M, p) = ∅ for an arbitrary finitely generated torsion-free graded R-module M with no free direct summand satisfying Ext 
Modules and ideals via complexes
Given integers p ≥ 2, s ≤ −1 and a homogeneous ideal a ⊂ R of height larger than or equal to p, let C(p, s, a) denote the set of complexes F • of finitely generated graded free R-modules bounded on both sides satisfying the following conditions: (1) If s < −1, then there exist a homogeneous ideal a ⊂ a of height larger than or equal to p and a complex
Proof. We denote by ϕ i : F i −→ F i−1 (i ∈ Z) the differentials of F • . By the ArtinRees lemma, there exists for each i < 0 an integer
= 0 for all i < 0 and l 0 and F i = 0 for i < s, there is therefore an integerl such that
for all i < 0. Since ht(al) = ht(a) ≥ p, we can pick p homogeneous elements f 1 , . . . , f p ∈ al which form an R-regular sequence. Using these elements, let K • := K(f 1 , . . . , f p ; R) • be the Koszul complex with differential ∂ • . Note that
From now on, given a complex C • of graded R-modules and an integer n, we denote by
(1) For proving the first assertion, we construct a chain map µ • :
is an isomorphism and then consider its mapping cone. To begin with, let µ s : K 0 ⊗ F s = F s −→ F s be the identity mapping and µ i := 0 for i < s. Let j ≥ s be an integer. If we have already defined homomorphisms
by (1.1) and condition (i), there exists a homomorphism µ j+1 :
Thus, we obtain a desired chain map µ • inductively. Let conµ • be its mapping cone with differential λ • . Since K i−s = 0 for i < s, i ≥ p − 1, we have con(µ • ) i = F i for i > p − 1 and con(µ • ) i = 0 for i < s. Moreover, it follows from the long exact sequence arising from
and l 0. Since λ s+1 | K0⊗Fs = µ s is an isomorphism, we can cancel out free direct summands K 0 ⊗ F s and con(µ
for all i ∈ Z. Let a := (f 1 , . . . , f p ). Since rank R (F s+1 ) = rank R (F s+1 ) > 0 by conditions (ii) and (iii), we obtain F • ∈ C(p, s + 1, a ) as desired.
(2) In the second case, we construct a chain map
• with a suitable c ∈ Z such that the image of µ −1 : K 1 (c) −→ F −1 is a free direct summand of F −1 of rank two, and then consider its mapping cone. To this end, let R(−a) ⊕ R(−b) be a free direct summand of F −1 with a ≥ b, so that F −1 = (R(−a) ⊕ R(−b)) ⊕ P for some graded free R-module P . By multiplying either f 1 or f 2 by a suitable homogeneous polynomial, if necessary, we may assume with no loss of generality that deg(
. Let µ i := 0 for i < −1, and let
. There is therefore a homomorphism µ 0 : 
Moreover it follows from the long exact sequence arising from 
is contained in Im(ϕ 0 ) as in the preceding case. Hence we can construct µ i (i ≥ 0) successively so that µ • becomes a chain map. Let conµ • be its mapping cone with differential λ • . Then, again as in the preceding case, we have con(µ
, and moreover, it follows from the exact sequence
is an isomorphism, we can cancel out R(−a) and λ 0 (R(−a)) from con(µ • ) 0 and con(µ • ) −1 respectively, to obtain a complex
Lemma 2. Let p ≥ 2, s ≤ −1, a, and F • ∈ C(p, s, a) be as in the previous lemma. In each of the three cases there, we may assume that the differential
Proof. In each case, the differential ϕ p , obtained by the method described in the proof above, is of the form 
Connecting the former to the dual of the latter, we obtain a complex
is exact and M is torsion-free. Hence H 0 (F • ) = 0 and rank
for all p ∈ Spec(R) with ht(p) ≤ p−1 by hypothesis, so that there is a homogeneous ideal a of height larger than or equal to p such that M p is free if p ∈ Spec(R) and p ⊃ a. By our construction of the complex F • , this means that the localization (F • ) p is split exact for all prime ideals p not containing a. The support of H i (F • ) is therefore contained in Spec(R/a); in other words, a l H i (F • ) = 0 for all i < 0 and l 0. Thus F • ∈ C(p, s, a) for some s ≤ −1. Applying Lemmas 1 and 2 to F • , we can obtain a complex 
